The purpose of this paper is to approximate the fixed point of pointwise asymptotically nonexpansive mapping using the generalized Mann and generalized Ishikawa iterative scheme. And under the condition that the pointwise asymptotically nonexpansive mapping is compact, the stability results of the two iterative schemes are studied. The main results of this paper modify and improve many important recent results in the literature.
Introduction
Many nonlinear problems are closely related to the nonlinear operator equations, and the solutions of the nonlinear operator equations can often be transformed into fixed points of some nonlinear operators. Therefore, the fixed point theory of nonlinear operator is a basic tool of nonlinear science. In recent years, many iterations and approximations of fixed points of nonlinear operators have been widely studied.
In 2008, Kirk and Xu [10] first introduced the definition of pointwise asymptotically nonexpansive mapping (see Definition 2.1). And they proved that the pointwise asymptotically nonexpansive mapping has a fixed point in a bounded uniformly convex Banach space. Moreover, the set of fixed points is closed convex. In 2011, Balooee [2] proved weak and strong convergence theorems of the pointwise asymptotically nonexpansive mapping in Hilbert space using the generalized Ishikawa iterative scheme and the monotone hybrid method, respectively. Later, Kozlowoski [11] proved that the sequence generated by the generalized Mann (and the generalized Ishikawa) iterative scheme converges weakly to a fixed point of the pointwise asymptotically nonexpansive mapping in a bounded uniformly convex Banach space with Opial's property. In addition, he also proved strong convergence theorems under the condition that the pointwise asymptotically nonexpansive mapping is compact. In 2013, Khalilzadeh and Sarikhani [7] proved that the sequence generated by the generalized Mann iterative scheme converges weakly to a fixed point of the pointwise asymptotically nonexpansive mapping in a bounded uniformly convex Banach space with Fréchet differentiable norm.
However, Balooee obtained his main results under the strong condition that the pointwise asymptotically nonexpansive mapping is uniformly L-Lipschitian in Hilbert space. Kozlowoski and Khalilzadeh proved their main theorems in the Banach space, but the proof of Kozlowoski's result is based on the condition that γ n (x) is a bounded function for every n 1. And in the proof of Khalilzadeh, he did not prove the crucial result of lim n→∞ T x n − x n = 0 that was used in his proof. In this paper, we first prove that the sequences generated by the generalized Mann and the generalized Ishikawa iterative scheme converge weakly to a fixed point of the pointwise asymptotically nonexpansive mapping in a uniformly convex Banach space with the Opial's property. Then based on the condition that pointwise asymptotically nonexpansive mapping is a compact mapping, we prove that the generalized Mann and the generalized Ishikawa iterative scheme are stable in a uniformly convex Banach space with the Opial's property. The highlight of this paper is a new demiclosedness principle which makes us not use the result that lim n→∞ T x n − x n = 0 in the process of proving the main theorem. Of course, we do not need to use the condition that γ n (x) being a bounded function. Recent demiclosedness principles can be found in [4, 12, 18] .
Preliminaries
Definition 2.1. Let X be a Banach space, and C be a bounded, closed, and convex subset of X. A mapping T : X → X is said to be pointwise asymptotically nonexpansive if
where {γ n (x)} is a sequence in [0, +∞) and γ n → 1 pointwise on C.
In formula (2.1), if {γ n } is the sequence independent of x, then the mapping T is a asymptotically nonexpansive [5] . It is obvious that an asymptotically nonexpansive mapping is pointwise asymptotically nonexpansive, reverse is not true. There are many questions about the pointwise asymptotically nonexpansive mapping in practical applications. Here we give an example of pointwise asymptotically nonexpansive mapping as follows. Example 2.2. Let C be a nonempty closed subset of the complex set . Let f be a continuously differentiable self-mapping of C. For two systems x n+1 = f(x n ) and y n+1 = f(y n ) with initial point x 0 and y 0 , respectively, if the initial error |x 0 − y 0 | is sufficiently small, then there exists
where f (x) represents the first derivative of f(x). Similarly, there exists
It can be seen that x 1 0 is related to the initial value x 0 and x 1 k is related to x k . In addition, {x k } is the sequence generated by the mapping f and the initial value x 0 . Thus x 1 k is related to the initial value x 0 . The sensitivity of the two systems to the initial perturbation is determined by the value of the derivative f (x) at the initial value x 0 . The overall sensitivity of the mapping to the initial value requires performing the iterations for n times and averaging all the "initial conditions".
k=0 |ie ix k | = 1, then f is a pointwise asymptotically nonexpansive mapping.
Remark 2.3. It is not hard to see that f is not asymptotically nonexpansive mapping if function f (x) is not a constant.
In Definition 2.1, we said that the mapping T is pointwise asymptotically contraction if γ n (x) 1 and lim n→∞ γ n (x) = γ ∈ [0, 1). The fixed point theorem for pointwise asymptotically contraction mappings and its applications have been studied by Kirk [8, 9] , Xu [19] , and Arandjelvić [1] . So here we just consider the case of θ n (x) = max{γ n (x), 1}. Denote Γ (C) as the class of pointwise asymptotically nonexpansive mapping T satisfying lim n→∞ θ n (x) = 1. Define
Definition 2.5. A sequence {t n } ⊂ (0, 1) is called bounded away from 0 if there exists 0 < a < 1 such that t n > a for every n ∈ N. Similarly, {t n } ⊂ (0, 1) is called bounded away from 1 if there exists 0 < b < 1 such that t n < b for every n ∈ N.
Lemma 2.6 ([16]
). Let X be a uniformly convex Banach space. Let {t n } ⊂ (0, 1) be bounded away from 0 and 1, and {u n }, {v n } ⊂ X be such that
Then lim n→∞ u n − v n = 0.
Lemma 2.7 ([17]
). Let {s n } and {h n } be two sequences of nonnegative real numbers satisfying the following inequality
Definition 2.8 ([13])
. A Banach space X is said to satisfy Opial's condition if {x n } is a sequence in X which converges weakly to x ∈ X, then lim sup
Lemma 2.9 ([10] ). Assume X is a uniformly convex Banach space and C is a bounded closed convex subset of X. Then every pointwise asymptotically nonexpansive mapping T : C → C has a fixed point. Moreover, the set of fixed points of T is closed convex.
In this paper, we use F(T ) to denote the set of all fixed points of the mapping T .
Lemma 2.10 (Demiclosedness principle). Let C be a nonempty closed convex sunset of a uniformly convex Banach space X which satisfies Opial's condition and let T ⊂ Γ r (C). Then I − T is demiclosed at zero, that is, if {x n } is a sequence in C such that x n q and lim m→∞ lim sup n→∞ x n − T m x n = 0, then (I − T )q = 0.
Proof.
(1) If T m q = q for each m ∈ N, taking m = 1 we have T q = q.
(2) If there exists an N 0 > 0 and for each m N 0 , such that T m q = q, we can define a function f on X by
From x n q and (2.2), we have that
On the other hand
So we have the following inequality lim sup
Since lim m→∞ θ m (x) = 1 for each x ∈ C and lim m→∞ lim sup n→∞ x n − T m x n = 0, so for all ε > 0, there exists N 1 ∈ N, when m > N 1 , we have that
and lim sup
From (2.4), (2.5), and (2.6), we get that lim sup
By the arbitrariness of ε and (2.7), we have lim sup
Taking N 2 = max{N 0 , N 1 } and m > N 2 , by (2.8) and (2.3) we derive that lim sup
which is a contradiction. So we have T m q = q for any m ∈ N, hence T q = q.
Weak convergence theorem
In this section, we prove that the sequences generated by the generalized Mann and the generalized Ishikawa iterative scheme converge weakly to a fixed point of a pointwise asymptotically nonexpansive mapping in a Banach space. Theorem 3.1. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C be a nonempty closed convex subset of X. Let T ∈ Γ r (C), and {x n } be the sequence generated by the generalized Mann iterative scheme as follows x 1 ∈ C, arbitrarily,
where {α n } ⊂ (0, 1) is a sequence bounded away from 1 and 0. Then {x n } converges weakly to a fixed point of T .
Proof. First we prove that {x n } is bounded and lim n→∞ x n − p exists for each p ∈ F(T ). In fact, from (3.1) and T being a pointwise asymptotically nonexpansive mapping, we have that
Since ∞ n=1 b n (p) < ∞, together with Lemma 2.7 we get that lim n→∞ x n − p exists. This implies that {x n } is bounded.
Next we prove that lim n→∞ x n − T n x n = 0. By above description there exists a real number such that lim n→∞ x n − p = a. Hence
By Lemma 2.6, we get that lim
Since the sequence {x n } is bounded so there exists a subsequence {x n k } of {x n } such that x n k q for some q ∈ C. By lim n→∞ x n − T n x n = 0 and Lemma 2.10, we get that q ∈ F(T ).
Next we prove that {x n } converges weakly to q. Take another subsequence {x m k } of {x n } such that x m k p for some p ∈ C. Again, as above, we conclude that p ∈ F(T ). Now we show that q = p by reduction to absurdity. We assume that q = p, since lim n→∞ x n − u exists for every u ∈ F(T ) and since q, p ∈ F(T ), by (2.2), we have that
This means lim n→∞ x n − q < lim n→∞ x n − q , which is a contradiction. So we get that q = p. Theorem 3.2. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C be a nonempty closed convex subset of X. Let T ∈ Γ r (C), and {x n } be the sequence generated by the generalized Ishikawa iterative scheme as follows
where {α n }, {β n } ⊂ (0, 1) are sequences bounded away from 1 and 0. Then {x n } converges weakly to a fixed point of T .
Proof. First we prove that {x n } is bounded and lim n→∞ x n − p exists for each p ∈ F(T ). In fact, from (3.2) and T ∈ Γ r (C), we have that
and
It follows from (3.5) and Lemma 2.7 that lim n→∞ x n − p exists. This implies that {x n } is bounded.
Next we prove that lim n→∞ x n − T n x n = 0. By above description there exists a real number such that lim n→∞ x n − p = a. From (3.3) we can conclude that
This together with lim n→∞ θ n (p) = 1 and the fact that {α n } is bounded away from 0 and 1, we get that
On the other hand, form (3.4) we can conclude that
From (3.6) and (3.7), it is clear that lim
Since the sequence {x n } is bounded so there exists a subsequence {x n k } of {x n } such that x n k q for some q ∈ C. By (3.9) and Lemma 2.10, we get that q ∈ F(T ).
This means lim n→∞ x n − q < lim n→∞ x n − q , which is a contradiction. So we get that q = p.
Stability results
Stability results of various iterative processes for fixed points of many nonlinear operators were established in metric space, normed linear space, and Banach space [3, 6, 14, 15, 20, 21] . In this section, we discuss the stability results of the generalized Mann and the generalized Ishikawa iterative scheme for fixed point of pointwise asymptotically nonexpansive mapping in a uniformly convex Banach space.
Let X be a Banach space, T be a self-mapping of X, and x n+1 = g(T , x n ) be an iterative scheme. Suppose that T has at least one fixed point and that sequence {x n } converges strongly to x ∈ F(T ). Let {y n } ⊂ X be an arbitrary sequence and ε n = y n+1 − g(T , y n ) .
If lim n→∞ ε n = 0 implies that lim n→∞ y n = x, then the iterative scheme x n+1 = g(T , x n ) is said to be T-stable. If ∞ n=1 ε n < ∞ implies that lim n→∞ y n = x, then we say that the iterative scheme x n+1 = g(T , x n ) is stable. Theorem 4.1. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C be a nonempty closed convex subset of X. Let T ∈ Γ r (C) and T n be a compact mapping. Let gM(T , x n ) be the generalized Mann iterative scheme (3.1), and {α n } ⊂ (0, 1) is a sequence bounded away from 1 and 0. Then the iterative scheme gM(T , x n ) is stable.
Proof. Let {y n } be an arbitrary sequence such that ∞ n=1 ε n < ∞. For each p ∈ F(T ), since T is a pointwise asymptotically nonexpansive mapping, we have that
Since ∞ n=1 b n (p) < ∞ and ∞ n=1 ε n < ∞, so together with Lemma 2.7 we get that {y n } is bounded and there exists a real number a such that lim
On the other hand, lim
and from (4.1) lim n→∞ α n (y n − p) + (1 − α n )(T n y n − p) = lim n→∞ gM(T , y n ) − p = a.
By Lemma 2.6, we conclude that lim n→∞ y n − T n y n = 0. Because of T n being a compact mapping, so there exits a subsequence {y n k } of {y n } and a q ∈ X such that lim k→∞ T n k y n k − q = 0.
And from formula (4.2), lim k→∞ y n k − q lim k→∞ y n k − T n k y n k + lim k→∞ T n k y n k − q = 0.
By Lemma 2.10, we can obtain that q ∈ F(T ). Since lim n→∞ y n − q = a, thus lim n→∞ y n = q. Theorem 4.2. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C be a nonempty closed convex subset of X. Let T ∈ Γ r (C) and T n be a compact mapping. Let gI(T , x n ) be the generalized Ishikawa iterative scheme (3.2), and {α n }, {β n } ⊂ (0, 1) be sequences bounded away from 1 and 0. Then the iterative scheme gI(T , x n ) is stable.
Proof. Let {y n } be an arbitrary sequence such that ∞ n=1 ε n < ∞. For each p ∈ F(T ), it follows that y n+1 − p ε n + gI(T , y n ) − p . By the definition of gI(T , x n ) and pointwise asymptotically nonexpansiveness of T , we have that gI(T , y n ) − p = α n (y n − p) + (1 − α n )(T n z n − p) α n y n − p + (1 − α n ) T n z n − p α n y n − p + (1 − α n )θ n (p) z n − p (4.4) and z n − p = β n (y n − p) + (1 − β n )(T n y n − p) β n y n − p + (1 − β n ) T n y n − p β n y n − p + (1 − β n )θ n (p) y n − p θ n (p) y n − p .
(4.5)
